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q+1
, where q is a prime power, and m ≥ 2 an even integer. The maximum design
distance of narrow-sense Hermitian dual-containing constacyclic BCH codes of length n is
determined. Furthermore, the exact dimension of the constacyclic BCH codes with given
design distance is computed. As a consequence, we are able to derive the parameters of
quantum codes as a function of their design parameters of the associated constacyclic BCH
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1 Introduction
Quantum error correction codes play an important role in protecting quantum information
from decoherence in quantum computations and quantum communications. One of the prin-
cipal problems in quantum error correction is to construct quantum codes with good param-
eters. After the establishment of the connections between quantum codes and classical codes
by Calderbank et al. [3, 7], construction of quantum codes can be deduced to find classical
“dual-containing” or “self-orthogonal” linear codes with respect to certain inner products.
Among these inner products, the Hermitian inner product has been widely used, and the cor-
responding Hermitian dual-containing or Hermitian self-orthogonal codes can yield many
good quantum codes [8–15,18–20,34, 40].
Denote Fq2 be a finite field with q
2 elements and F∗
q2
= Fq2\{0}, where q is a prime power.
For any α ∈ Fq2 , the conjugate of α is defined by α¯ = α
q. Let Fn
q2
be the Fq2-vector space
of n-tuples. A q2-ary linear code C of length n is an Fq2-subspace of F
n
q2
. A linear code C is
called an [n, k, d]q2 linear code if its dimension is k and minimum Hamming distance is d.
Given two vectors u = (u1, u2, · · · , un) and v = (v1, v2, · · · , vn) ∈ F
n
q2
, their Hermitian inner
product 〈u, v〉H is defined as
〈u, v〉H =
∑n
i=1
ui v¯i. (1)
The vectors u, v are called orthogonal with respect to the Hermitian inner product if 〈u, v〉H =
0. For a q2-ary linear code C, its Hermitian dual code is defined as
C⊥H = {u ∈ Fn
q2
| 〈u, v〉H = 0,∀v ∈ C}. (2)
If C⊥H ⊆ C and C , Fn
q2
, C is called a Hermitian dual-containing code, and C⊥H is called a
Hermitian self-orthogonal code. One of the most frequently-used and effective construction
methods of quantum codes is as follows (see [3]).
Theorem 1 If C is an [n, k, d]q2 linear code such that C
⊥H ⊆ C, then there exists an [[n, 2k−
n,≥ d]]q quantum code.
We refer to the construction in Theorem 1 as Hermitian construction, which suggests that
q-ary quantum codes can be obtained from classical Hermitian dual-containing linear codes
over Fq2 .
Bose-Chaudhuri-Hocquenghem (BCH) codes are a significant class of good cyclic codes,
which have efficient encoding and decoding algorithm and strong error-correcting capabil-
ity. They have been widely employed in data storage systems and satellite communications.
Another important application of BCH codes is to construct quantum codes. Aly et.al [1, 2]
studied Euclidean or Hermitian dual-containing BCH codes of general length, they derived a
formula for the dimension of narrow-sense BCH codes with small design distance, and then
specified the parameters of quantum BCH codes in terms of the design distance. Thereafter,
a lot of good quantum codes have been obtained by BCH codes [9–11,18, 26, 39, 40].
Constacyclic BCH codes [27] as a generalization version of the well-known BCH codes,
are naturally considered to construct quantum codes. Generally speaking, the parameter of
quantum codes constructed from constacyclic BCH codes [21–24, 28, 30, 35, 36] might be
better than the ones derived from BCH codes. Based on Hermitian construction, in order
to construct quantum codes, it is necessary to know the exactly dimension and minimum
distance of the classical codes. However, for general code length, the dimension and mini-
mum distance of BCH or constacyclic BCH codes have limited knowledge because of their
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intricate structure [37, 40]. Therefore, it is very hard to obtain the precise dimension and
minimum distance of quantum codes in general, a summary of some known constructions
of quantum constacyclic codes with special code lengths is provided in Table 3 of litera-
ture [36].
In [23], Zhu et al. studied the dimension, the minimum distance, and the weight distri-
bution of certain negacyclic BCH codes (a subclass of constacyclic BCH codes) of length
n =
q2m−1
q−1
over Fq with odd q and any positive integer m. From this class of negacyclic
BCH codes, they acquired some quantum codes with good parameters. In [28] and [30],
Kai and Guo et al. investigated negacyclic BCH codes of length n =
q2m−1
2
over Fq with
odd q, or odd q and odd m, respectively. Later, Wang et al. [36] discussed narrow-sense
and non-narrow-sense negacyclic BCH codes of length n =
q2m−1
a
, where a|(qm − 1) is even,
both q and m are odd. Then they constructed some quantum codes with good parameters
from those dual-containing negacyclic BCH codes. By investigation of suitable properties
on q2-ary cyclotomic cosets, Liu et al. [22] determined a class of Hermitian dual-containing
constacyclic BCH codes of length n = q2m + 1 over Fq2 with odd q and any integer m ≥ 2.
Then they obtained some new quantum codes with minimum distance d > 2q2. Wang et
al. [35] focused on a class of q2-ary constacyclic BCH codes of length n = 2(qm + 1) with
odd q and any m ≥ 3, via Hermitian construction, they gained many new quantum codes,
which are not covered in the literature.
As shown above, for the case of odd q, many q2-ary constacyclic BCH codes with special
code lengths have been well studied and have been used to construct quantum codes with
desirable parameters via Hermitian construction. While for the case of even q, especially
with even m, Hermitian dual-containing constacyclic BCH codes are much less investigated
due to the difficulty of computing the exact dimension of this class of codes. Based on clas-
sical quaternary constacyclic BCH codes, Lin [21] got a class of binary quantum codes of
length 4m−1
3
(m ≥ 4 is an integer) with nice parameters. Later, Yuan et al. [24] generalized
the binary quantum constacyclic codes construction of [21] to the q-ary case with length
n =
q2m−1
q+1
by applying classical q2-ary constacyclic BCH codes, where q is a prime power
and m ≥ 2. Moreover, compared with the corresponding ones in [21], the narrow-sense
constacyclic BCH codes in [24] have relatively large design distance. To determine the di-
mension of the Hermitian dual-containing constacyclic BCH codes, Yuan et al. followed a
directly generalized formula (see Eq.(3) in [24]) of [21]. However, the dimension of narrow-
sense constacyclic BCH codes presented in [24] are just the lower bound of their actual
dimension. The main reason is that the union of q2-cyclotomic cosets for the defining set
of constacyclic BCH codes will involve more repeated ingredients as the size of finite field
and the design distance become larger. Very recently, Wang et al. [35] study Hermitian dual-
containing narrow-sense constacyclic BCH codes of length
q2m−1
ρ
and aim at constructing
new quantum codes with the corresponding constacyclic BCH codes, where ρ|(q + 1), and
m ≥ 3. By employing the technique of [38], they determine all coset leaders of cyclotomic
cosets in the defining set and discuss the q-adic expansion about the design distance to com-
pute the dimension of constacyclic BCH codes. This method is efficient for the case of odd
m (see Theorem 3 in [35]), however, the derived parameters of constacyclic BCH codes and
the related quantum codes are not concise enough for the case of even m ≥ 4 (see Theorem
4 in [35]).
We found that some optimal or almost optimal codes can be obtained from the narrow-
sense constacyclic BCH codes of length n =
q2m−1
q+1
with special values of q and m (see
Remark 2 in Subsection 3.2). In addition, some quantum codes constructed from narrow-
sense constacyclic BCH codes of length n =
q2m−1
q+1
have better parameters compared to some
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known results studied in the literature [2,17,18,24,25,35]. Thus, this family of constacyclic
BCH codes deserve to be investigated further. In this article, we focus on determining the
parameters of Hermitian dual-containing constacyclic BCH codes and the related quantum
codes of length n =
q2m−1
q+1
for the case of even m, and the results about the case of odd m can
be found in Subsection 2.2 of [24] or Theorem 3 in [35]. Note that in the case of even m,
it is more challenging to derive the parameters of this family of Hermitian dual-containing
constacyclic BCH codes, since the defining set of the considered codes involves a more
intricate structure compared with the case of odd m. We provide necessary and sufficient
conditions for the existence of narrow-sense Hermitian dual-containing constacyclic BCH
codes (see Theorem 3), which allows one to identify all constacyclic BCH codes that can
be used in quantum codes construction. Furthermore, different from the idea of finding out
all coset leaders of the union of cyclotomic cosets in the defining set, we counting the joint
cyclotomic cosets via solving the associated congruent equations. Moreover, based on a
detailed study of properties of the q2-cyclotomic cosets (see Lemmas 2, 3), we compute
the exact dimensions of this family constacyclic BCH codes for all design distance δ in the
range 2 ≤ δ ≤ δmax (see Theorem 4). These results facilitate us to determine the parameters
of quantum codes as a function of their design parameters n, q, and δ of the related narrow-
sense constacyclic BCH codes (see Theorem 5).
The remainder of this paper is organized as follows. In Section 2, some basic definitions
and properties about constacyclic codes are reviewed. In Section 3, the Hermitian dual-
containing conditions, as well as properties of corresponding cyclotomic cosets of narrow-
sense constacyclic BCH codes are investigated. Some new quantum codes are constructed
from the underlying constacyclic BCH codes, and the parameters of resultant quantum codes
are compared with previous results. The conclusion of this paper is given in Section 4.
2 Preliminaries
In this section, we review some basic notation and results about quantum codes and consta-
cyclic codes. Throughout this paper, Fq2 denotes the finite field with q
2 elements, where q
is a prime power, Z represents the ring of integers, ⌊X⌋ means the maximal integer, which
is not more than X, and ⌈X⌉ is the minimal integer, which is not less than X. The bracket
notation [statement] takes the value 1 if statement is true, and 0 otherwise, for instance, we
have [q even]=q − 1 (mod 2).
For η ∈ F∗
q2
, a linear code C of length n over Fq2 is called η-constacyclic code [5, 33]
provided that for each codeword c = (c0, c1, · · · , cn−1) in C, (ηcn−1, c0, · · · , cn−2) is also a
codeword in C. Some of the most important classes of codes can be realized as special cases
of constacyclic codes. For example, the case η = 1 gives cyclic codes, and η = −1 yields
negacyclic codes. Customarily, each codeword c = (c0, c1, · · · , cn−1) ∈ C is identified with
its polynomial representation c(x) = c0 + c1x + · · · + cn−1x
n−1. It is easy to check that an
η-constacyclic code C of length n over Fq2 corresponds to a principal ideal 〈g(x)〉 of the
quotient ring Fq2 [x]/〈x
n − η〉, where g(x) is a monic divisor of xn − η. In this case, C is
generated uniquely by g(x), i.e., C = 〈g(x)〉, the polynomial g(x) is called the generator
polynomial of the code C, and the dimension of C is n−deg(g(x)).
We assume that n and q are relatively prime, i.e., gcd(n, q) = 1, so that the polynomial
xn−η over Fq2 does not involve repeated roots. We denote the order of η in the multiplicative
group F∗
q2
by ord(η). Assume that ord(η) = r, then η is called a primitive rth root of unity.
Suppose that the multiplicative order of q2 modulo nr is m (the smallest positive m such that
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nr divides q2m − 1), namely, ordnr(q
2) = m. Then there exists a primitive nrth root β of unity
in Fq2m such that β
n = η. Let ξ = βr, then ξ is a primitive nth root of unity. Thus, the roots of
xn − η are βξi = β1+ri, i = 0, 1, · · · , n − 1, i.e., xn − η =
∏n−1
i=0 (x − β
1+ri). Let
O = {1 + ri | 0 ≤ i ≤ n − 1} (mod nr). (3)
The defining set of the η-constacyclic code C = 〈g(x)〉 is defined as
T = { j ∈ O | g(β j) = 0}. (4)
Let Cs be the q
2-cyclotomic cosets modulo nr, which contains s. That is Cs = {sq
2l mod nr |
l ∈ Z, 0 ≤ l ≤ ms − 1}, where ms is the smallest positive integer such that sq
2ms ≡ s mod nr,
and s is not necessarily the smallest number in the coset Cs. Recall that for each integer τ,
with 0 ≤ τ < nr − 1, the minimal polynomial of βτ over Fq2 is Mτ(x) =
∏
i∈Cτ (x − β
i). And
xnr − 1 =
∏
τ∈Ω Mτ(x) is the factorization of x
nr − 1 into irreducible factors over Fq2 , where
Ω is the set of representatives of all the distinct q2-cyclotomic cosets modulo nr (see [4, 6]).
Obviously, (xn − η)|(xnr − 1), then xn − η =
∏
τ∈O∩Ω Mτ(x), thereby the defining set of code
C = 〈g(x)〉 must be a union of some q2-cyclotomic cosets modulo nr.
Definition 1 [25, 27] Assume that gcd(n, q) = 1. Let C = 〈g(x)〉 be an η-constacyclic code
of length n over Fq2 , where η is a primitive rth root of unity. Let β be a primitive nrth root
of unity in some extension field of Fq2 , such that β
n = η. An η-constacyclic BCH code of
length n with design distance δ is an η-constacyclic code with defining set
T = ∪δ−2i=0Cb+ri, (5)
where b = 1 + jr, j ∈ Z. Such a code is called primitive if n = q2m − 1, and non-primitive,
otherwise. If b = 1, C is called a narrow-sense code, and non-narrow-sense, otherwise.
For an η-constacyclic BCH code C, the following BCH bound (see [4] Theorem 2.2
or [8] Theorem 2.8) shows the relationship between the minimum distance of C and the
design distance δ of C.
Theorem 2 Let C be an η-constacyclic BCH code with defining set T ⊆ O. If {1 + ri | a ≤
i ≤ a + δ − 2} ⊆ T, where a ∈ Z. Then the minimum distance of C is at least δ.
As mentioned in Theorem 1, q-ary quantum codes can be obtained from classical Her-
mitian dual-containing linear codes over Fq2 by Hermitian construction. Normally, the con-
dition of Hermitian dual-containing C⊥H ⊆ C can be guaranteed by the popular defining set
criterion in the following (for example, see [15] Lemma 2.2).
Lemma 1 Let C = 〈g(x)〉 be an η-constacyclic code of length n over Fq2 with defining set
T . Then C contains its Hermitian dual code, namely, C⊥H ⊆ C, if and only if T ∩ T−q = ∅,
where T−q = {−q j mod nr | j ∈ T }.
Chen et.al in [8] have shown that if an η-constacyclic BCH code over Fq2 is a Hermitian
dual-containing code, then we have ord(η)|(q + 1). From now on till the end of this paper,
we let n =
q2m−1
q+1
, where m ≥ 2 is an even, q is a prime power. We take η = αq−1 as
in [24], where α is a primitive element of Fq2 . Thus, r =ord(η) = q + 1, nr = q
2m − 1, and
T−q = {−q j mod q2m − 1 | j ∈ T }.
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3 Construction of quantum codes from constacyclic BCH codes
In this section, we first determine the corresponding parameters for which C⊥H ⊆ C, and
then derive the dimensions and bound the minimum distances of C, thereby we can construct
related quantum codes from constacyclic BCH codes C.
3.1 Hermitian dual-containing conditions and the dimension of narrow-sense constacyclic
BCH codes of length n =
q2m−1
q+1
Yuan et.al in [24] gave a sufficient condition on the design distances for which a narrow-
sense constacyclic BCH code is Hermitian dual-containing code. In the following Theorem,
we can derive a necessary and sufficient condition on the design distance for which a narrow-
sense constacyclic BCH code is Hermitian dual-containing code. The significance of this
result is that it allows us to identify all constacyclic BCH codes that can be used for construct
quantum codes.
Theorem 3 Let n =
q2m−1
q+1
, where q is a prime power, and m ≥ 2 is an even. Denote η ∈ F∗
q2
,
and ord(η) = r = q + 1. Let C = 〈g(x)〉 be a narrow-sense constacyclic BCH code with
defining set T =
⋃δ−2
i=0 C1+ri, where C1+ri, 0 ≤ i ≤ δ− 2, are q
2-cyclotomic cosets modulo nr,
and δ ∈ Z. Then C⊥H ⊆ C, if and only if δ is in the range of
2 ≤ δ ≤ δmax, (6)
where
δmax =

q3−q2+q+3
q+1
+ 1, m = 2 and q ≥ 5,
qm+1−q2+q+3
q+1
, otherwise.
(7)
Proof Firstly, we prove the sufficiency. In terms of Lemma1, C⊥H ⊆ C if and only if
T ∩ T−q = ∅. Assume that T ∩ T−q , ∅, then there exist two integers i, j, 0 ≤ i, j ≤ δmax − 2,
such that
1 + r j ≡ −q(1 + ri)q2l (mod nr), (8)
or equivalently,
(1 + r j)q2(m−l) ≡ −q(1 + ri) (mod nr), (9)
where l ∈ {0, 1, · · · ,m − 1}. We note that m ≥ 2 is even, and if m
2
≤ l ≤ m − 1, then
0 ≤ m − l − 1 ≤ m
2
− 1. Thus we just need to consider the following equation,
(1 + ri)q2l+1 + 1 + r j ≡ 0 (mod nr), l ∈ {0, 1, · · · ,
m
2
− 1}. (10)
If m > 2, or m = 2 and q ≤ 4, then 1 ≤ 1 + r j ≤ qm+1 − q2 − q + 2 < qm+1 − 1,
q ≤ (1+ ri)q2l+1 ≤ qm−1(qm+1 − q2 − q+ 2) ≤ q2m − qm+1 (0 ≤ l ≤ m
2
− 1). If m = 2 and q ≥ 5,
then 1 ≤ 1 + r j ≤ q3 − q2 + 3, q ≤ (1 + ri)q2l+1 ≤ q(q3 − q2 + 3) = q4 − q3 + 3q
(l = 0). For both cases, we can get 1 + q ≤ (1 + ri)q2l+1 + 1 + r j < q2m − 1 = nr, hence
(1 + ri)q2l+1 + 1 + r j . 0 (mod nr). This contradicts to the assumption T ∩ T−q , ∅. So we
conclude that if 0 ≤ i, j ≤ δmax − 2, then T ∩ T−q = ∅, namely, C⊥H ⊆ C.
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Now we will show the necessity, namely, if δ exceeds δmax, then C⊥H * C. If m >
2, or m = 2 and q ≤ 4, assume that δ0 = δ
max + 1, i.e., δ0 − 2 =
qm+1−q2+2
q+1
, then we have
−q[1 + (q + 1)
qm+1 − q2 + 2
q + 1
]qm−2 ≡ qm+1 − 3qm−1 − 1
≡ 1+(q + 1)i0 (mod nr), (11)
where i0 =
qm+1−3qm−1−2
q+1
. Ifm = 2 and q ≥ 5, assume that δ0 = δ
max+1, i.e., δ0−2 =
q3−q2+q+3
q+1
,
then we have
−q[1 + (q + 1)
q3 − q2 + q + 3
q + 1
] ≡ q3 − q2 − 4q − 1
≡ 1+(q + 1)i0 (mod nr), (12)
where i0 =
q3−q2−4q−2
q+1
. Note that for both cases, 0 ≤ i0 ≤ δ0 − 2, so 1 + ri0 ∈ T ∩ T
−q. Thus,
T ∩ T−q is not empty, so C⊥H * C. The desired result follows. ⊓⊔
Some counting properties about q2-cyclotomic cosetsC1+ri are provided in the following
lemma, which is essential to our subsequent arguments.
Lemma 2 We keep the notation of Theorem 3. The cardinalities of q2-cyclotomic cosets
C1+ri modulo nr, with i in the range 0 ≤ i ≤
qm+1−2
q+1
, can be computed as follows,
|C1+ri| =

m/2, q > 2 is even, and i = i∗,
m, otherwise,
(13)
where i∗ =
⌈
q+1
2
⌉(qm+1)−[q even]
q+1
.
Proof Note that ordnr(q
2) = m, so we have |C1+ri|
∣∣∣ m, 0 ≤ i ≤ qm+1−2
q+1
. Suppose that for some
i, |C1+ri| < m, where 0 ≤ i ≤
qm+1−2
q+1
. Then there exists a positive integer l, 1 ≤ l < m, such
that (1 + ri)q2l ≡ 1 + ri (mod nr), namely,
(1 + ri)(q2l − 1) ≡ 0 (mod nr). (14)
Sincem ≥ 2 is an even, then |C1+ri| ≤
m
2
, and 1 ≤ l ≤ m
2
in Eq.(14). We first consider the case
of 1 ≤ l ≤ m
2
−1 (m ≥ 4). In this case, since 1 ≤ 1+ri ≤ 1+(q+1)
qm+1−2
q+1
= qm+1−2+1 < qm+1,
q2 − 1 ≤ q2l − 1 ≤ qm−2 − 1, we have q2 − 1 ≤ (1 + ri)(q2l − 1) < qm+1(qm−2 − 1) <
q2m−1 < nr = q2m − 1. Hence (1 + ri)(q2l − 1) . 0 (mod nr), contradicting the assumption
|C1+ri| < m. And then we consider the case of l =
m
2
(m ≥ 2). In this case, Eq.(14) becomes
(1 + ri)(qm − 1) ≡ 0 (mod nr), which is equivalent to
(q + 1)i ≡ −1 (mod qm + 1). (15)
Note that gcd(q + 1, qm + 1)=gcd(q + 1, q − 1), thus, gcd(q + 1, qm + 1)=1 if q is even, and
gcd(q + 1, qm + 1)=2 if q is odd. In terms of [31] Proposition 3.2.7, when q is odd, Eq.(15)
has no solution, when q is even, Eq.(15) has exactly one solution, and the unique solution
can be given by
i = i∗ ,
⌈
q+1
2
⌉(qm + 1) − [q even]
q + 1
. (16)
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It is easy to see that i∗ <
qm+1−2
q+1
for even q, q > 2, and i∗ >
qm+1−2
q+1
for q = 2. Thus, the proof
is complete. ⊓⊔
Remark 1. When i in the range 0 ≤ i ≤ δmax − 2, then for even q, if q = 2, or q = 4 and
m = 2, we have i∗ > δmax − 2. Therefore, if 0 ≤ i ≤ δmax − 2, then |C1+ri∗ | = m/2, only if
q = 4,m > 2, or q > 4 is even.
The following lemma derives the cardinality of
⋃δ−2
i=0 C1+ri, 2 ≤ δ ≤ δ
max, which con-
tributes to computing the precise dimensions of narrow-sense constacyclic BCH codes with
defining set T =
⋃δ−2
i=0 C1+ri. To compute |
⋃δ−2
i=0 C1+ri|, we entail the following tasks:
(1). count every cardinality of q2-cyclotomic coset C1+ri, 0 ≤ i ≤ δ − 2, which has done in
Lemma 2,
(2). find out all disjoint or joint q2-cyclotomic cosets in
⋃δ−2
i=0 C1+ri.
Generally, compared with the case of odd m, task (2) is more challenging in the case of even
m, especially q is also even, since the disjoint or joint q2-cyclotomic cosets are difficult to
determine, and the sizes of q2-cyclotomic cosets are not always the same. Different from
the idea of determining all coset leaders of the union of cyclotomic cosets in the defining
set, we counting the joint cyclotomic cosets via solving the associated congruent equations.
Consequently, |
⋃δ−2
i=0 C1+ri| is a function of n, q, and δ.
Lemma 3 We keep the notation of Theorem 3, then
|
δ−2⋃
i=0
C1+ri|,N (q,m, δ) (17)
=

(δ − N1 − 1)m, 2 ≤ δ < i
∗ + 2,
(δ − N1 − 1 −
1
2
[q ≥ 4 even])m, i∗ + 2 ≤ δ < i∗ + 2 +
qm−1
q+1
,
(δ − N1 − 1 −
1
2
[q ≥ 4 even] − N2)m, i
∗ + 2 +
qm−1
q+1
≤ δ ≤ δmax,
(18)
where N1 = ⌊
δ−(q+1)
q2
⌋ + 1, and
N2 =

⌊
(q+1)(δ−3)
qm−1
−⌈
q+1
2
⌉⌋, i∗+2 +
qm−1
q+1
≤ δ ≤ δmax, q ≥ 5,
0, otherwise.
(19)
Proof Assume that C1+ri = C1+ri¯, where i, i¯ ∈ Z, and 0 ≤ i < i¯ ≤ δ
max − 2. Then there exists
an integer l, 1 ≤ l ≤ m − 1, such that
1 + ri¯ ≡ (1 + ri)q2l (mod q2m − 1). (20)
Since gcd(qm, q2m − 1) = 1, Eq.(20) is equivalent to
(1 + ri¯)q2(m−l) ≡ 1 + ri (mod q2m − 1). (21)
Thus, if m ≥ 4 , Eq.(20) can be equivalently transformed to the following two equations,
1 + ri¯ ≡ (1 + ri)q2l (mod q2m − 1), 1 ≤ l ≤ m/2, (22)
and
(1 + ri¯)q2l
′
≡ 1 + ri (mod q2m − 1), 1 ≤ l′ ≤ m/2 − 1. (23)
Note that for m = 2, Eq.(20) can be reduced to a special case of Eq.(22), namely, the
value of l takes m/2 in Eq.(22). Also note that if m ≥ 4, for Eq.(23), we have 1 + (q + 1) ≤
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1+ri¯ ≤ 1+r(δmax−2) < qm+1−1, and q2(q+2) ≤ (1+ri¯)q2l
′
< q2m−1. Thus, by Eq.(23), one
can deduce (1 + ri¯)q2l
′
= 1 + ri for 1 ≤ l′ ≤ m/2 − 1, but this contradicts to the assumption
i < i¯. Therefore, for Eq.(20), we just need to consider the formulas in Eq.(22).
For Eq.(22), if 1 ≤ l ≤ m/2−1 (m ≥ 4), we have 1 ≤ 1+ ri ≤ 1+ r(δmax−3) < qm+1−q2,
and q2 ≤ (1 + ri)q2l < (qm+1 − q2)qm−2 = q2m−1 − qm < q2m − 1. Thus, in the case of
1 ≤ l ≤ m/2 − 1 (m ≥ 4), the eligible solutions of Eq.(22) should satisfy
1 + ri¯ = (1 + ri)q2l, (24)
namely,
i¯ =
q2l − 1
q + 1
+ iq2l = (q − 1)[q2(l−1) + q2(l−2) + · · · + q2 + 1] + iq2l, (25)
which implies
i¯ ≡ q − 1 (mod q2). (26)
For the case of l = m/2, Eq.(22) becomes
1 + ri¯ ≡ (1 + ri)qm (mod q2m − 1), (27)
or equivalently,
ri¯ ≡ ri + (qm − 1)(1 + ri) (mod q2m − 1), (28)
⇐⇒ i¯ ≡ i +
qm − 1
q + 1
(1 + ri) (mod
q2m − 1
q + 1
). (29)
Let
i =
qm − 1
q + 1
w + θ, (30)
where w ∈ Z, w ≥ 0, and 0 ≤ θ <
qm−1
q+1
. Then substituting Eq.(30) into Eq.(29), we have
i¯ ≡ qmθ + (1 − w)
qm − 1
q + 1
(mod t), (31)
where t =
q2m−1
q+1
. Since 0 ≤ i < i¯ ≤ δmax − 2, there exists a positive integer w, such that
qm−1
q+1
w ≤ δmax − 2 <
qm−1
q+1
(w + 1). Thus, we have 0 ≤ w ≤ w ≤ q − 1. We now consider three
cases w = 0, w = 1, and 1 < w ≤ q − 1 (q ≥ 3), separately.
(1). For the case w = 0, we have i = θ, i¯ ≡ qmθ +
qm−1
q+1
(mod t), where 0 ≤ θ <
qm−1
q+1
. It is
easy to get that

0 < i¯ =
qm−1
q+1
≤ δmax − 2 < t, θ = 0,
0 < δmax − 2 < i¯ = qmθ +
qm−1
q+1
< t, 0 < θ <
qm−1
q+1
.
(32)
This case means that for Eq.(27), if 0 < i = θ <
qm−1
q+1
, then δmax − 2 < i¯ < t. And if i = 0,
then 0 < i¯ =
qm−1
q+1
≤ δmax − 2, which also implies i¯ ≡ q − 1 (mod q2).
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(2). For the case w = 1, we have i =
qm−1
q+1
+ θ, i¯ ≡ qmθ (mod t), where 0 ≤ θ <
qm−1
q+1
. It is
easy to get that

i¯ = 0, θ = 0,
0 < δmax − 2 < i¯ = qmθ < t, 0 < θ <
qm−1
q+1
.
(33)
This case implies that for Eq.(27), if i =
qm−1
q+1
, then i¯ = 0 < i, and if i =
qm−1
q+1
+θ, 0 ≤ θ <
qm−1
q+1
,
then δmax − 2 < i¯ < t.
(3). For the case 1 < w ≤ q − 1 (q ≥ 3), we have i =
qm−1
q+1
w + θ, where 0 ≤ θ <
qm−1
q+1
. And

i¯ ≡ t − (w − 1)
qm−1
q+1
(mod t), θ = 0,
i¯ ≡ qmθ − (w − 1)
qm−1
q+1
(mod t), 0 < θ <
qm−1
q+1
.
(34)
It is easy to get that

δmax−2 < t − (w − 1)
qm−1
q+1
≤ i¯ = t − (w − 1)
qm−1
q+1
≤ t −
qm−1
q+1
< t, θ = 0,
δmax−2<2qm−(w−1)
qm−1
q+1
≤ i¯=qmθ−(w−1)
qm−1
q+1
<
qm(qm−1)
q+1
−
qm−1
q+1
< t, 2 ≤ θ <
qm−1
q+1
.
(35)
This case implies that for Eq.(27), if i =
qm−1
q+1
w+θ, where 1 < w ≤ q−1 (q ≥ 3), 0 ≤ θ <
qm−1
q+1
and θ , 1, then δmax − 2 < i¯ < t. For θ = 1, we have i =
qm−1
q+1
w+ 1, and i¯ = qm − (w− 1)
qm−1
q+1
,
where 1 < w ≤ q − 1(q ≥ 3).
By Eq.(26) and the above discussions of three cases, we can infer that the eligible values
of i, i¯ satisfying C1+ri = C1+ri¯ should hold
i¯ ≡ q − 1 (mod q2), (36)
or
i =
qm − 1
q + 1
w + 1, and i¯ = qm − (w − 1)
qm − 1
q + 1
, (37)
where 0 ≤ i < i¯ ≤ δ − 2 ≤ δmax − 2, 1 < w ≤ q − 1(q ≥ 3).
Inversely, if i¯ ≡ q − 1 (mod q2), namely, i¯ = q − 1 + kq2, where k ∈ Z, k ≥ 0, and
i¯ ≤ δmax − 2 , then 1 + ri¯ ≡ q2(1 + rk) (mod q2m − 1). Thus, we let i = k, it is easy to
get that 0 ≤ i < i¯, and C1+ri = C1+ri¯. If i¯ = q
m − (w − 1)
qm−1
q+1
, i =
qm−1
q+1
w + 1, where
0 ≤ i < i¯ ≤ δ−2 ≤ δmax−2, 1 < w ≤ q−1(q ≥ 3), then 1+ ri¯ ≡ qm(1+ ri) (mod q2m −1), we
also have C1+ri = C1+ri¯. Therefore, C1+ri = C1+ri¯, 0 ≤ i < i¯ ≤ δ
max − 2, if and only if Eq.(36)
and Eq.(37) hold.
For Eq.(36), the number of the eligible i¯, denoted by N1, can be easily calculated by
N1 = ⌊
δ−2−(q−1)
q2
⌋+ 1 = ⌊
δ−(q+1)
q2
⌋+ 1. Let N2 be the the number of the eligible i¯ in Eq.(37). In
terms of Eq.(37), we have

qm−1
q+1
w + 1 < qm − (w − 1)
qm−1
q+1
,
qm − (w − 1)
qm−1
q+1
≤ δ − 2,
2 ≤ w ≤ q − 1,
2 ≤ δ ≤ δmax,
(38)
namely,

q + 2 +
(q+1)(3−δ)
qm−1
≤ w ≤ ⌊
q+1
2
⌋,
2 ≤ δ ≤ δmax.
(39)
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It is not difficult to derive that by Eq.(39), w has integer solutions if and only if δ ≥ 3 +
(qm−1)⌈
q+3
2
⌉
q+1
= i∗+2 +
qm−1
q+1
, and q ≥ 5. The number of the solutions of w in Eq.(39) can be
calculated by ⌊⌊
q+1
2
⌋ − (q + 2) −
(q+1)(3−δ)
qm−1
⌋ + 1= ⌊
(q+1)(δ−3)
qm−1
− ⌈
q+3
2
⌉⌋+1=⌊
(q+1)(δ−3)
qm−1
− ⌈
q+1
2
⌉⌋.
Therefore, N2 can be given by
N2 =

⌊
(q+1)(δ−3)
qm−1
− ⌈
q+1
2
⌉⌋, i∗+2 +
qm−1
q+1
≤ δ ≤ δmax, q ≥ 5,
0, otherwise.
(40)
Combined with Lemma 2 and Remark 1, we obtain the desired conclusions. ⊓⊔
By lemma 3, we can easily provide values ofN (q,m, δ) with specific q andm as follows.
Corollary 1 Let the symbols be defined as above. Then we have
1. N (q ≤ 4,m = 2, δ) = 2(δ − N1 − 1), where 2 ≤ δ ≤ δ
max =
q3−q2+q+3
q+1
.
2. N (q ≤ 4,m > 2, δ) =

(δ − N1 − 1)m, 2 ≤ δ < i
∗ + 2,
(δ − N1 − 1 −
1
2
[q = 4])m, i∗ + 2 ≤ δ ≤ δmax =
qm+1−q2+q+3
q+1
.
3. N (q ≥ 5 odd,m, δ) =

(δ − N1 − 1)m, 2 ≤ δ < i
∗ + 2 +
qm−1
q+1
,
(δ − N1 − N2 − 1)m, i
∗ + 2 +
qm−1
q+1
≤ δ ≤ δmax.
4. N (q ≥ 5 even,m, δ) =

(δ − N1 − 1)m, 2 ≤ δ < i
∗ + 2,
(δ − N1 −
3
2
)m, i∗ + 2 ≤ δ < i∗ + 2 +
qm−1
q+1
,
(δ − N1 − N2 −
3
2
)m, i∗ + 2 +
qm−1
q+1
≤ δ ≤ δmax.
Proof Applying Lemma 3, the result follows. ⊓⊔
3.2 Quantum codes construction and code comparisons
In this subsection, we will construct quantum codes via the Hermitian construction. Firstly,
we derive the parameters of narrow-sense constacyclic BCH codes as follows.
Theorem 4 Let n =
q2m−1
q+1
, where q is a prime power, and m ≥ 2 is even. Denote η ∈ F∗
q2
,
and ord(η) = r = q + 1. Let C be a narrow-sense constacyclic BCH code with defining set
T =
⋃δ−2
i=0 C1+ri, where 2 ≤ δ ≤ δ
max. Then C is an [n, n − N (q,m, δ),≥ δ]q2 Hermitian
dual-containing constacyclic BCH code, where N (q,m, δ) is given as in Lemma 3.
Proof Applying Theorem 2 and Lemma 3, the result follows. ⊓⊔
Remark 2. We call a linear code with parameters [n, k, d]q optimal (almost optimal), if
the code (the code with parameters [n, k, d + 1]q) reaches some bound. Notice that some of
constacyclic BCH codes constructed in Theorem 4 are optimal or almost optimal, they reach
or almost reach the lower (upper) bound maintained by Markus Grassl [16]. For example,
by the Database [16], the constacyclic BCH codes [5, 3,≥ 3]22 , [20, 18,≥ 2]32 , [20, 16,≥
4]32 , [20, 14,≥ 5]32 , [85, 81,≥ 3]22 are optimal if the equalities of their minimum distance
parameters are achieved. And the constacyclic BCH codes [20, 12,≥ 6]32 , [85, 77,≥ 4]22 ,
[85, 73,≥ 5]22 , [85, 69,≥ 7]22 , [85, 65,≥ 8]22 are almost optimal if the equalities of their
minimum distance parameters are achieved, otherwise, they are optimal.
Now we construct quantum codes.
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Theorem 5 Let n =
q2m−1
q+1
, where q is a prime power, and m ≥ 2 is even. Then there exists a
quantum code with parameters [[n, n − 2N (q,m, δ),≥ δ]]q, where N (q,m, δ) is given as in
Lemma 3.
Proof Applying the Hermitian construction to the constacyclic code C in Theorem 4, we
immediately obtain a q-ary quantum code with parameters [[n, n − 2N (q,m, δ), ≥ δ]]q as
described in Theorem 5. ⊓⊔
Yuan et al. [24] constructed many quantum codes from a class of narrow-sense Hermi-
tian dual containing constacyclic BCH codes of length n =
q2m−1
q+1
. Aly et al. in [2] yielded
quantum codes of general lengths by narrow-sense Hermitian dual containing BCH codes.
Yves Edel provided code tables of some good quantum twisted codes for q ≤ 9 and length
up to 1000 [17]. In [25], Li et al. gave two classes of quantum codes from non-narrow-sense
constacyclic codes, a class of which are with lengths n =
(q−1)(q2+1)
b
, where b | q − 1. Fixing
the code lengths n =
q2m−1
q+1
(m ≥ 2 even), we compare our quantum codes with known ones
in [2, 17, 24, 25]. Their results are provided as follows.
Lemma 4 ( [24], Theorem 3) Let n =
q2m−1
q+1
, where q is a prime power, and m ≥ 2 is an
even. Let α = 1+ (q+ 1) jα ∈ {1+ (q+ 1)i | 0 ≤ i ≤ δY − 2}, where δY = ⌊
q
q+1
(qm − q+ 1)⌋+ 1.
Let λα =
α+q
q+1
− ⌊
α+q3
q3+q2
⌋, then there exists a quantum code with parameters

[[n, n − 2λαm,≥ jα + 2]]q, q is odd, or q = 2,
[[n, n − 2λαm,≥ jα + 2]]q, q = 2
s with s ≥ 2, α < (1+2s−1)(1+2sm),
[[n, n − 2λαm + m,≥ jα + 2]]q, q = 4,m > 2, or q = 2
s with s ≥ 2, α ≥ (1+2s−1)(1+2sm).
(41)
Lemma 5 ( [2], Theorem 21) Let n =
q2m−1
q+1
, where q is a prime power, m = ordn(q
2) ≥ 2
even, and 2 ≤ δ ≤ δA =
qm−1
q+1
, then there exists a quantum code with parameters [[n, n −
2m⌈(δ − 1)(1 − q−2)⌉,≥ δ]]q.
Lemma 6 ( [25], Theorems 3 and 4) Let n =
q4−1
q+1
, where q ≥ 5 is an odd prime power. For
2 ≤ δ ≤ δL = q
2 − 2q + 3, denote |T (δ)| = 2⌈(δ − 2)(1 − 1
2(q−1)
)⌉ + 1. Then there exists a
quantum code with parameters [[n, n − 2|T (δ)|,≥ δ]]q.
Lemma 7 ( [25], Theorem 5) Let n =
q4−1
q+1
, where q ≥ 4 is an even prime power. For
2 ≤ δ ≤ δL = q
2 − 2q + 3, denote
|T (δ)| =

2⌈(δ − 2)(1 − 1
2(q−1)
)⌉ + 1, 2 ≤ δ ≤ q2 − 3q + 4,
2(δ − 2 −
q−2
2
) + 1, q2 − 3q + 5 ≤ δ ≤ q2 − 2q + 3,
(42)
Then there exists a quantum code with parameters [[n, n − 2|T (δ)|,≥ δ]]q.
By comparison, it shows that for n =
q2m−1
q+1
(m is even), quantum codes constructed by
Theorem 5 have the same parameters with those in [24] with q = 2, 3, 4. Whereas, with the
same lengths, if q ≥ 5, for all design distance δ in the range i∗ + 2 +
qm−1
q+1
≤ δ ≤ δmax,
our quantum codes can always yield strict dimension or design distance gains than the ones
presented in [24]. Tables 1, 2 provide some code comparisons between them. From these
tables, we can see that our quantum codes have better performance. Moreover, for the max-
imum design distance δmax in this paper, δA in [2], δY in [24], and δL in [25], it is easy to
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infer that δmax > (q − 1)δA, δ
max = δY or δY + 1, and δ
max = δL or δL + 1. It means that for
length n =
q2m−1
q+1
(m is even), the Hermitian dual containing constacyclic BCH codes studied
in this paper have relatively large design distance. We observe that quantum codes obtained
by Theorem 5 can yield better parameters than those known constructions of quantum BCH
codes or good quantum twisted codes [2, 17]. We also notice that non-narrow sense consta-
cyclic BCH codes or BCH codes investigated in [25] can construct abundant quantum codes
with good parameters. Nonetheless, with the same length, parameters of quantum codes
constructed by non-narrow sense codes are not always superior to the narrow-sense ones,
some of quantum codes constructed from narrow-sense constacyclic BCH codes in this pa-
per have better performance than the ones in [25]. Since Yves Edel’s table [17] includes
good quantum twisted codes with lengths up to 1000, we just compare our quantum codes
in Theorem 5 with those obtained in Refs. [2, 17, 25] in the case of n < 1000. By table 3,
it is easy to see that for the same length, our quantum codes have better code rate or larger
design distance than the ones available in [2,17,25], where the symbol ”−” means that there
is no quantum code with given length or design distance.
Remark 3. After we finish this paper, we find that Wang et al. in [32] deal with a family
of narrow-sense constacyclic BCH codes of length
q2m−1
ρ
( ρ is a positive divisor of (q + 1),
and m ≥ 3), which extend the length n =
q2m−1
q+1
to more general case. Compared with the
codes of length n =
q2m−1
q+1
in [32], our results have the following merits. (1). For even m,
we enlarge the range of m. Wang et al. in [32] discuss the cases m ≥ 4, we include the case
m = 2. So we can provide many short lengths Hermitian dual containing constacyclic BCH
codes and related quantum codes, which will be interesting from a practical point of view.
(2). We simplify the dimension expressions of constacyclic BCH codes or related quantum
codes. In [32], for given design distance δ, one should first get the q-adic expansion of
1 + (q + 1)(δ − 2) by Σm
i=0
δiq
i, and then discuss the values of δi (0 ≤ i ≤ m), thereby δ is
the function of q,m, δi (0 ≤ i ≤ m), and the dimension of the Hermitian dual-containing
constacyclic BCH code or related quantum code is the function of q,m, δ, δ0, and δm (see
Lemma 5 and Theorem 4 in [32]). While by our Theorems 4 and 5, the dimension of the
Hermitian dual-containing constacyclic BCH codes is a function of their design parameters,
namely, n, q, and the given design distance δ, as well as the related quantum codes. Quantum
codes of length n =
q2m−1
q+1
also have been studied in [18] using non-narrow-sense BCH codes,
and many quantum codes in their paper have parameters better than our constructions from
narrow-sense constacyclic BCH codes. However, we relax the values of even m from m ≥ 4
to m ≥ 2, and remove the condition q ≡ 1(mod m). Thus, the obtained constacyclic BCH
codes or resultant quantum codes in this paper are beneficial complements for the know ones
with length n =
q2m−1
q+1
.
4 Conclusion
In this paper, the maximum design distance and properties of the corresponding cyclotomic
cosets for a family of narrow-sense Hermitian dual-containing constacyclic BCH codes C
with length
q2m−1
q+1
(m ≥ 2 is an even) were deeply explored. Furthermore, the exact dimension
of C with design distance δ in the rang 2 ≤ δ ≤ δmax was completely determined. Conse-
quently, applying Hermitian construction to these underlying constacyclic BCH codes, many
quantum codes with desirable parameters were constructed.
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Table 1 Quantum codes(QC) of length n =
q2m−1
q+1
with m = 2, q = 5, 7, 8, 9
m, q, δ QC in Theorem 5 QC in [24] QC in Theorem 5 QC in [24]
m = 2, q = 5 · · ·
δ = 19 [[104, 40,≥ 19]]5 [[104, 40,≥ 18]]5
m = 2, q = 7 · · ·
33 ≤ δ ≤ 39 [[300, 180,≥ 33]]7 [[300, 176,≥ 33]]7 [[300, 176,≥ 34]]7 [[300, 172,≥ 34]]7
[[300, 172,≥ 35]]7 [[300, 168,≥ 35]]7 [[300, 168,≥ 36]]7 [[300, 164,≥ 36]]7
[[300, 164,≥ 37]]7 [[300, 160,≥ 37]]7 [[300, 160,≥ 39]]7 [[300, 156,≥ 38]]7
m = 2, q = 8 · · ·
45 ≤ δ ≤ 52 [[455, 289,≥ 45]]8 [[455, 285,≥ 45]]8 [[455, 285,≥ 46]]8 [[455, 281,≥ 46]]8
[[455, 281,≥ 47]]8 [[455, 277,≥ 47]]8 [[455, 277,≥ 48]]8 [[455, 273,≥ 48]]8
[[455, 273,≥ 49]]8 [[455, 269,≥ 49]]8 [[455, 269,≥ 50]]8 [[455, 265,≥ 50]]8
[[455, 265,≥ 52]]8 [[455, 261,≥ 51]]8
m = 2, q = 9 · · ·
51 ≤ δ ≤ 67 [[656, 464,≥ 51]]9 [[656, 460,≥ 51]]9 [[656, 460,≥ 52]]9 [[656, 456,≥ 52]]9
[[656, 456,≥ 53]]9 [[656, 452,≥ 53]]9 [[656, 452,≥ 54]]9 [[656, 448,≥ 54]]9
[[656, 448,≥ 55]]9 [[656, 444,≥ 55]]9 [[656, 444,≥ 56]]9 [[656, 440,≥ 56]]9
[[656, 440,≥ 57]]9 [[656, 436,≥ 57]]9 [[656, 436,≥ 58]]9 [[656, 432,≥ 58]]9
[[656, 436,≥ 59]]9 [[656, 428,≥ 59]]9 [[656, 432,≥ 60]]9 [[656, 424,≥ 60]]9
[[656, 428,≥ 61]]9 [[656, 420,≥ 61]]9 [[656, 424,≥ 62]]9 [[656, 416,≥ 62]]9
[[656, 420,≥ 63]]9 [[656, 412,≥ 63]]9 [[656, 416,≥ 64]]9 [[656, 408,≥ 64]]9
[[656, 412,≥ 65]]9 [[656, 404,≥ 65]]9 [[656, 408,≥ 67]]9 [[656, 400,≥ 66]]9
· · · · · · · · · · · · · · ·
Table 2 Quantum codes(QC) of length n =
q2m−1
q+1 with m = 4, q = 5, 7
m, q, δ QC in Theorem 5 QC in [24]
m = 4, q = 5 [[65104, 61904,≥ 419]]5 [[65104, 61896,≥ 419]]5
419 ≤ δ ≤ 518 [[65104, 61896,≥ 420]]5 [[65104, 61888,≥ 420]]5
· · · · · ·
[[65104, 61144,≥ 518]]5 [[65104, 61136,≥ 518]]5
m = 4, q = 7 [[720600, 708840,≥ 1503]]7 [[720600, 708832,≥ 1503]]7
1503 ≤ δ ≤ 2096 [[720600, 708832,≥ 1504]]7 [[720600, 708824,≥ 1504]]7
· · · · · ·
[[720600, 704200,≥ 2096]]7 [[720600, 704184,≥ 2096]]7
· · · · · · · · ·
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Table 3 Quantum codes(QC) of length n =
q2m−1
q+1
(n < 1000)
m, q QC in Theorem 5 QC in [25] QC in [17] QC in [2]
m=2, q=2 [[5, 1,≥ 3]]2 - -
m=2, q=3 [[20, 12,≥ 4]]3 [[20, 10,≥ 4]]3 [[20, 12, 3]]3
[[20, 8,≥ 5]]3 - -
m=2, q=4 [[51, 39,≥ 5]]4 [[51, 37,≥ 5]]4 [[51, 39, 5]]4
[[51, 35,≥ 6]]4 [[51, 33,≥ 6]]4 [[51, 35, 6]]4
[[51, 31,≥ 7]]4 - [[51, 31, 7]]4
m=4, q=2 [[85, 77,≥ 3]]2 [[85, 77, 3]]2 [[85, 77,≥ 2]]2
[[85, 69,≥ 4]]2 [[85, 69, 4]]2 [[85, 69,≥ 3]]2
[[85, 61,≥ 5]]2 [[85, 61, 5]]2 [[85, 61,≥ 5]]2
[[85, 53,≥ 7]]2 [[85, 53, 7]]2 -
[[85, 29,≥ 11]]2 - -
m=2, q=5 [[104, 88,≥ 6]]5 [[104, 86,≥ 6]]5 [[104, 86, 6]]5
[[104, 84,≥ 7]]5 [[104, 82,≥ 7]]5 [[104, 82, 7]]5
[[104, 80,≥ 8]]5 [[104, 78,≥ 8]]5 [[104, 78, 8]]5
[[104, 76,≥ 9]]5 - -
[[104, 40,≥ 19]]5 - -
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